3. The Experimental section should contain sufficient information that another physics student could read it and repeat your experiment.
I. INTRODUCTION
The binding energies of nonpenetrating Rydberg states (L 5) reflect the long-range interactions between the core and the Rydberg electron that break the hydrogenic degeneracy and produce a fine-structure pattern. Measurements of these patterns can determine properties of the core such as the quadrupole moment, scalar dipole polarizability, and tensor dipole polarizability that control the pattern's scale. These measurements of positive ion properties provide a valuable test of calculated atomic wave functions, complementing more traditional tests such as lifetime and hyperfine structure measurements. Some of the measured properties, such as polarizabilities, are also frequently measured in neutral atoms, but others, such as the electric quadrupole moment were measured only rarely in neutral atoms [1, 2] and then with far less precision than is possible in Rydberg fine-structure studies [3, 4] . The quadrupole moment is a basic property of atoms with L 1, but accurate calculations require a very precise wave function [5, 6] . It is therefore a good example of the unique type of wave-function test provided by the systematic study of Rydberg fine-structure patterns.
The study reported here uses the resonant excitation Stark ionization spectroscopy (RESIS) technique that was used in a number of previous studies [7] . In principle, this method can be applied to study positive ions of arbitrary charge and angular momentum, but the studies become more difficult as either increases. In practice, the largest charge state studied to date is Q = 6 [8] and the largest angular momentum studied previously is J c = 3/2 [3, 4] . The work reported here extends the technique to an ion with J c = 5/2, the (3d) 9 2 D 5/2 ground state of Ni + . This represents a significant step toward possible future studies of ions with even higher charge and angular momentum. Two examples that will be particularly interesting to study, if possible, are the Fr-like ions U 5+ and Th 3+ , both of which have 2 F 5/2 ground states. The fine-structure pattern in high-L Rydberg states consists of 2J c + 1 levels for each value of Rydberg angular momentum L, corresponding to the possible values of the intermediate quantum number
Thus, in Ni the pattern consists of six levels for each L. Figure 1 shows an example of this pattern for two values of L, calculated using estimated core properties. The levels are labeled using the shorthand notation nL K . This experiment was carried out using the optical RESIS technique [9] . A fast Ni + ion beam is created and undergoes a charge transfer with a dense Rb Rydberg target to become a fast beam of neutral Ni Rydberg states. A Doppler-tuned CO 2 laser then excites Rydberg states from a specific lower n level to a much higher n level. After excitation, the higher n level is selectively Stark ionized and collected. By Doppler tuning the CO 2 laser, the fine structure of the lower states can be resolved and mapped out. Since the excitation is upward, all high-L levels can be excited and detected. This technique easily allows the study of different Rydberg species simply by starting with a different ion beam.
Section II of this article gives details of the experimental technique and observations. Section III discusses the analysis of the data using the long-range polarization model and the derivation of core properties. Section IV summarizes the conclusions drawn from this study and compares the derived core properties with calculations when possible.
II. EXPERIMENT
The schematic for this experiment is shown in Fig. 2 . A fast beam of 58 Ni + is created using a Colutron ion source and accelerated to an energy of about 9.5 keV. A ν × B filter provides mass selection for the Ni beam. The beam then intersects the Rb target where it captures a weakly bound electron and becomes a fast beam of neutral Ni Rydberg states. The Rb target is created by exciting a thermal beam of Rb with three cw diode lasers to the 9F state [10] . The charge capture is expected to form a distribution of Rydberg states centered around n = 9 [11] . The beam then passes through a pre-ionizer that deflects any remaining charged beam and ionizes any Rydberg states of n 15. The remaining beam of neutral Ni Rydberg states of n < 15 then passes into the laser interaction region where a Doppler-tuned CO 2 laser excites a specific n = 9 state to a state in n = 19 or 20. The upper state is then Stark ionized and the resulting ions are deflected into a channel electron multiplier.
The CO 2 laser is Doppler tuned by varying the angle of intersection between the fixed-frequency CO 2 laser beam and neutral Ni Rydberg beam. The laser beam enters the laser interaction region through a ZnSe window, reflects off a rotatable mirror, and intersects the Ni beam. The CO 2 laser is Doppler tuned through a range of frequencies as the mirror is rotated, allowing all high-L n = 9 states to be excited to a higher state. The Doppler-tuned frequency is given by
where ν l is the fixed frequency of the laser, β = V/c is the speed of the Ni beam, and θ int is the angle of intersection as measured from the antiparallel. The frequency resolution ∼60 MHz is due primarily to the transit time through the laser beam and the angular spread of the Rydberg beam. The combination of the slow speed of the beam and the wide span of the fine-structure pattern (approximately 30 GHz) made it necessary to use two different CO 2 laser lines and two different upper states to excite all the n = 9 levels. The 9R(24) line at 1081.0874 cm −1 excited eight levels from n = 9
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(1) to n = 20. The remaining levels were observed using 9P (16) at 1050.4413 cm −1 to excite transitions between n = 9 and n = 19. Figure 3 is an example of the observed spectrum. The x axis shows the frequency (in GHz) of the laser minus the nonrelativistic hydrogenic transition frequency for the appropriate transition. No data are shown in regions where no significant signals were detected during the initial rough scans of the spectrum. The observed transitions must follow two selection rules: L = ±1 and K = 0, ±1. The strongest transitions are L = K = +1, with L = +1, K = 0 transitions about an order of magnitude weaker.
Line identification was a challenging part of this study. Initially, in the absence of theoretical estimates of the dominant core parameters Q and α d,0 , an analysis of the binding energies of the 4F and 5G levels of Ni [12] provided an initial guess for the value of Q and of the splittings between levels for each L. The 9H 3.5 and 9H 7.5 were first tentatively identified by their splitting and their absolute positions gave an estimate of the scalar dipole polarizability. To confirm these identifications data were taken in search of the 9H 2.5 . It was found near the predicted position supporting the tentative identifications and rough core parameters. Simulations were carried out for the L = 6, 7, and 8 levels using these parameters. The levels in the fine-structure pattern were then identified by working from the less dense area of the pattern toward the densest part of the pattern. All lines except for the 9H 5.5 -19I 6.5 line were identified; the simulated position of this transition makes it nearly degenerate with two possible transitions. Therefore it was left unidentified. By this process it was possible to identify 23 out of 24 levels of n = 9 Rydberg levels of Ni with L 5.
The observed signals were fit with a four-parameter Gaussian to find their centers in θ obs . A typical RESIS signal is shown in Fig. 4 , plotted with signal versus θ obs . θ obs is related to the intersection angle θ int by
where θ perp is the angle at which the reflected laser intersects the Ni Rydberg beam at a 90
• angle. The determination of θ perp is discussed later in this section. θ obs is the angle recorded by the computer controlling the rotation of the mirror. By knowing both θ obs and θ perp , θ int can be found in Eq. (3). θ int can then be converted into the frequency at the line center using Eq. (2) and the value of the beam speed β.
The statistical uncertainty in the peak's center frequency comes from two sources. The major source is drift of the frequency of the CO 2 laser, which leads to an uncertainty of ±30 MHz in any individual run, but tends to average out in repeated runs. The second source of uncertainty is the location of the peaks as determined by the Gaussian fits of the peaks. This source of error is approximately 5 MHz at most. Other sources of uncertainty come from the determination of β and θ perp , but those are dealt with separately since they introduce correlated uncertainties in the 23 line positions.
The determination of β and θ perp were both important parts of this experimental study; An error in either can lead to the miscalculation of the laser frequency for all transitions. The velocity β is determined by the acceleration potential and the mass of the ion. The acceleration potential is stable to 0.01% but is calibrated only to 0.2%. θ perp is the recorded angle at which the CO 2 laser beam is perpendicular to the Ni beam; this is difficult to measure directly with the necessary precision. The measurement of a very precisely known Rydberg finestructure pattern with our apparatus can be used to determine both the accelerator potential and θ perp to the necessary level of precision. Since the Ar + core parameters are well known from previous study [4] , Ar Rydberg transitions from n = 9 to 20 provided such a calibration. Eight Ar Rydberg transition energies were calculated. The transitions were then observed using the RESIS technique and the actual θ obs 's were found for each transition. Table I shows the calculated energies and the observed intersection angles for each transition in one data set. Knowing the fixed frequencies of the laser lines, the observed angles can be fit by varying the θ perp and β in Eqs. (2) and (3). The fitted angles are shown in column five of Table I , with the difference between the observed and the fitted angles seen in column six. The whole procedure was repeated twice, determining the value of β to be 0.0007156(3) for the Ar ion. Once the velocity of the Ar ion beam was found, β for the Ni + ion can be deduced from the ratio of the masses to be β = 0.0005943 (3) .
Although the acceleration potential and the beam velocity were stable from day to day, variations in the beam trajectory and laser alignment made it advisable to determine θ perp independently on each day of data collection. This was done by observing a subset of the lines shown in Table I and using those observations to determine θ perp for that day's data. Given θ perp , β, and the fixed laser frequency the Doppler-tuned laser frequencies at the center of each transition were calculated using Eqs. (2) and (3). The results are reported in Table II , where column one identifies the transition and column two TABLE I. Eight Ar transitions were used to find the acceleration potential and θ perp . Column 1 gives the transition. Column 2 is the calculated frequency of the transition in cm −1 and column 3 gives the laser line used to observe the transition. Column 4 shows the angles at which the transition was observed in one data set. Column 5 shows the fitted value of θ obs at the best value of β and θ perp . Column 6 shows the difference between the observed angle and the fitted angle. gives the difference between the transition frequency and the appropriate nonrelativistic hydrogenic transitions frequency, 1050.7902 cm −1 for 9-19 and 1080.4282 cm −1 for 9-20. Because of concern about possible Stark shifts of the transition frequencies due to stray electric fields in the laser interaction region, data were collected to set a limit on the magnitude of the stray field during each day's data. This was done by measuring a L = K = 1 Ni transition and its related L = 1 K = 0 transition. The energies of these two transitions differ only by their upper state contributions to the transition and are sensitive to possible Stark shifts. The difference in energy in the upper state at zero field can be calculated using the final results for the Ni + properties and compared with the observed energy difference to infer a Stark shift and stray field. The final data were taken on three days. On two of the days the field was ≈0.02 V/cm and on the third day it was ≈0.05 V/cm. Given those field values, the corrections for each Ni transition were calculated and found to be insignificant in comparison to the experimental error.
III. ANALYSIS

A. Theoretical model
The effective potential describing the long-range interaction between the Rydberg electron and the Ni + ion is given by TABLE II. This table summarizes the average energy for each transition and the n = 9 contribution. Column 1 gives transition. Column 2 reports the transition frequency by giving the difference of the Doppler laser frequency from the appropriate hydrogenic frequency in MHz. There are two errors for each of the energies in column 2. The first is the statistical error from the fitting of the peaks and the uncertainty in the CO 2 laser's frequency. The second is due to the uncertainties in θ perp and β, which are highly correlated. Column 3 is the number of times each transition was observed. Column 4 is the simulated upper-state contribution to each transition as described in the text. Column 5 represents the inferred n = 9 fine-structure energy.
( 
where r is the Rydberg electron's radial coordinate, C [k] is a spherical tensor in the Rydberg electrons angular position, and X
[k] is a unit kth rank tensor in the space of the Ni + ion. The term proportional to g J is due to the magnetic interactions between the core's magnetic moment and the movement of the Rydberg electron in orbit around the core. The other coefficients appearing in Eq. (4) are properties of the Ni + ion defined in the Appendix. The most significant coefficients are Q, the electric quadrupole moment, and α d,0 , the scalar dipole polarizability. The electric hexadecapole moment, , occurs here because of the larger value of J c . The energy of a nonpenetrating high-L Rydberg level is given in terms of V eff by
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where
and
B. n = 9 fine-structure energies
The observed K = L = 1 transition frequencies reveal the difference in energy of two particular n = 9 and n = 19 (or 20) fine-structure levels. Both the n = 9 and the upper n display fine-structure patterns and the fine-structure energies of both levels contribute to the transition frequency. Since the upper state's fine-structure pattern is much smaller than the n = 9 pattern, it contributes only a few percent of the net difference from its hydrogenic value. Therefore, to simplify the discussion of extraction of core properties from the fine-structure energies, we prefer to remove the upper state contribution and focus on the n = 9 fine-structure energies alone. This, of course, cannot be done without knowledge of the upper state pattern, which in turn requires knowledge of the core properties; the end result of the procedure discussed in Sec. C and D. To accomplish this, the entire process of Sec. C and D is iterated. Initially, the rough core properties used in line identifications were used to estimate the upperstate fine-structure energies. These were subtracted from the experimental observations and the resulting n = 9 finestructure energies were fit to determine the core parameters. Then these more precise parameters were used to find better estimates of the upper state fine-structure energies, which were subtracted from the experimental observations and new estimates of core parameters were obtained. Because the upper states energies were only minor contributors to the observed transition energies, this iterative procedure converged rapidly. When additional iterations produced no further change in upper-state fine-structure energies, the final values were taken to represent best estimates of the upper state contributions. Table II lists these final values, with uncertainties due to the final uncertainties in the core parameters. For our purposes, the fine-structure energy is defined to be the deviation of the total binding energy of the Rydberg level from its nonrelativistic hydrogenic value, [i.e., it contains any relativistic contribution, as indicated in Eq. (5)]. Table II also lists the observed energies and the inferred n = 9 fine-structure energy. In this table there are two errors quoted next to each observed energy. The first is the statistical error and the second is due to uncertainties in β and θ perp . This was done by adjusting β or θ perp by one standard deviation, recalculating the energies, and taking the quadrature sum of the differences found. These uncertainties are highly correlated between different transitions and so cannot be treated as random error.
C. Corrected energy
According to Eq. (5), the n = 9 fine-structure energies are the sum of three terms. The largest of these, E [1] , represents the expectation value of V eff . The other two terms E [2] and E rel are minor contributions to the fine-structure that can be calculated to sufficient accuracy. E [1] can be isolated, facilitating extraction of core properties from the data, by subtracting E [2] and E rel from the total n = 9 fine-structure energies
The second-order energies were calculated using the Dalgarno-Lewis method [13] . Table III contains the n = 9 energies, the second-order energies, the relativistic corrections, and the resulting first-order n = 9 energies. The error given to the energies in this table is only the statistical uncertainty. The first step in extracting core properties from the first-order energies is separating them into different tensor components: scalar, vector, tensor, and fourth-rank tensor. Previous studies [3, 4] showed that the leading vector term A 1 is very small and is given by
Therefore, A 1 was calculated for each L using Eq. (10) with g J = 6/5. It was set to that fixed value during the fitting process for each L. The six (or five) levels for each L were fit TABLE III. Column 1 gives the identification of the state and column 2 contains the energy for each of the n = 9 states with the statistical error. Column 3 has the calculated second-order energies and column 4 contains the n = 9 calculated relativistic energy. Column 5 contains the first-order n = 9 energies.
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Table IV contains a summary of the parameters (A 0 , A 2 , and A 4 ) found for each L. There are again two errors given for each of the parameters. The first is the statistical error from the fit in which only random errors from Table II were considered and the second is the error from the uncertainties in β and θ perp .
D. Finding core properties
Once the scalar, tensor, and fourth-rank tensor contributions were known for each L, core properties can be found by examining their variation with L. The form of V eff predicts that
Therefore, if the A 0 's found from the fits are scaled by r nL and fit to a line, the intercept gives the scalar dipole polarizability and the TABLE IV. This table is a summary of the fitted structure parameters A i , each L in MHz. The data were fit for the A 0 , A 2 , and A 4 parameters. There are two errors next to each result, the first one being the statistical error given by the fit and the second one being the error in the parameter due to uncertainties in β and θ perp , which were dealt with separately since they are common to all lines. The A 1 parameter was calculated and set to a fixed value for each L; the calculated values are in the fourth column of the table. nL , a linear fit should obtain an intercept that determines the quadrupole moment of the core and a slope that gives the tensor dipole polarizability. Figure 6 
The quadrupole moment was found to be Q = −0.474(2) a.u., and the tensor dipole polarizability
Measurement of the high-L Ni fine-structure pattern also provides an opportunity to determine an additional core property, the permanent hexadecapole moment. Table V nL . The intercept will determine the quadrupole moment and the slope will give the tensor dipole polarizability. The statistical error is shown for each of the points and the y axis has the fitted intercept with its total error.
the ratio A 4 (L)/ r −5 nL for each L, which will be an estimate of the hexadecapole moment. For L = 5 there appears to be a nonzero value, but for higher L the results are within one standard deviation of zero. Still, all the results have the same sign and their weighted average is −0.33(21) a.u. Further study will be necessary to determine the hexadecapole moment more precisely.
IV. DISCUSSION
Measurement of the fine structure of high-L n = 9 Rydberg states of Ni allowed for the determination of four properties of Ni + : the scalar and tensor dipole polarizabilities, the quadrupole moment, and the permanent hexadecapole moment. The scalar dipole polarizability and the quadrupole moment of Ni + were determined to within 1%. The tensor dipole polarizability and the permanent hexadecapole moment are determined with less precision. Table VI summarizes these measured core properties and compares them with theoretical values when possible. Two different methods were used in Ref. [14] [5, 6] , required a precise multiconfiguration wave function. It was suggested that atomic quadrupole moments provide a particularly good measure of strong correlation in atomic wave functions [16] . Interest in atomic quadrupole moments is also driven by their importance to precise atomic clocks [17] and this has led to a number of recent measurements [18] [19] [20] derived from frequency shifts of optical transitions. Rydberg fine-structure studies provide a general and precise method for future quadrupole moment measurements.
ACKNOWLEDGMENTS
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The coefficients are given by
